Examples of algebraic equations

1. Solve the equation

22— 42 +5=0.
We calculate A = —4, so VA = V442 = 424, and 21 = % =241, 290 = 4’2% =2—1.
Because this was an equation with real coefficients and A < 0, its roots are conjugate
numbers.

2. Solve the equation
24+ (=1+i)z+ (2414) =0.

Like above: A = —8 — 6i. To calculate v/A we use the formulas
+Va for b=0,a>0,
JaTbi= +v—ai for b=0,a<0,
:I:( azlzl—&-isgnb\/a;dzl) for b#0.
so VA = +(1 — 3i). Finally

Cl—i4+1-3i
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=1-2i, 5

Z1 = 1.

Now the roots are not conjugate numbers.

2. Solve the equation
25— 422 + 142 — 20 = 0.

This is an equation with integer coefficients. First we look for roots among divisors of 20. We
find (good way is to apply Horner’s scheme) z; = 2 and we can factorize

23— 422 + 142 — 20 = (2 — 2)(2* — 22 + 10).

Now we solve z? — 2z + 10 = 0 using usual method.

3. Solve the equation
2 —22244=0

Let t = z2. Then
t2 —2t+4=0.

Using usual method we get
t=1+V3i, ty=1—3i

For each of these numbers we have to find its square roots (best way is to use formulas above).
The final answer is

1 1

(V3+1i), 20 = NG

(V3+1i), z3 = —=(V3—1), 24 = —=(—V3 +1).
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4. Solve the equation. Then plot its roots on the complex plane.
22— (1+4)* =0,

Method 1.



We use the formula a® — b = (a — b)(a® + ab + b?), which gives:
(z=1-)(Z+ A +d)z+ 1+ =(z—-1—0)(z*+ (1 +4)z + 2i)

Hence 21 = 1+ or 22 + (1 +i)z +2i = 0.
To solve the last equation we calculate A = —6i. To calculate v/A we use the the above

formulas and find VA = /3 — iv/3.
Finally 29 = _15‘/5 + i_l‘g\/g7 23 = %\/3 _ ,L'1+2\/§_

These points are vertices of equilateral triangle inscribed into the circle of radius v/2. It is
easy to plot the vertex z; and then the other vertices.
Method 2.

Dividing the original equation by (1 +4)3 we obtain:
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Substituting w for {3 we get the equation

w? = 1.
Using the polar form of 1, it is easy to find its cube roots, which are

1 3
w=ho =g “’3:‘5‘%

But z = (1 4 ¢)w, so now we multiply these numbers by 1+ i to get the answer.



